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Abstract

This paper presents a new finite volume scheme designed for the approximation of a non-
linear convection-diffusion equation arising in petroleum engineering. The convection part of
the flux is written as a linear combination between an upwind scheme and a centered scheme.
The parameter of the combination is computed according to the diffusion term in order to
make the scheme stable and to reduce numerical diffusion. This scheme satisfies good math-
ematical properties and is shown to be convergent assuming that the total throughput is a
given C'-function. In practice, this scheme is easy to implement and can be used in a time
explicit or implicit form, which enables the use of large time steps during the simulations.
Keywords: Flows in porous media, Nonlinear parabolic equation, Finite volume methods.

1 Introduction

We consider a two-phase flow through a porous medium €2, for example an oil-water flow in a
reservoir or in a sedimentary basin. Both phases are supposed to be immiscible, incompressible
with constant viscosity and composed of only one component. We denote by T the duration of
the flow. Taking into account the pressure gradient, the gravity and the capillary effects, the
generalized Darcy’s law (see Aziz and Settari [1979], Bear [1972], Peaceman [1977]) states that the
saturation u :  x (0,7) — R and the pressure p : Q x (0,7') — R are solutions to the following
system:

du

ot
ou .
65 + div (Knma(u)(p29Vz = Vp)) = 0

¢— + div (lCm(U) (plsz - Vip+ 7T(U)))> =0,

(1.1)

where ¢ stands for the porosity of the medium, I is the absolute permeability of the rock, the sub-
script 1 represents the nonwetting phase and the subscript 2 the wetting phase, u is the saturation
of the nonwetting phase, p is the pressure of the wetting phase, p,, is the density of the phase «,
a € {1,2}, g is the gravity acceleration, 1, (u) is the mobility of the phase «, 7(u) is the capillary
pressure.

We assume that the boundary of the domain is impermeable, i.e.,
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Kz (u) (ngVZ - Vp) n =0,
K (w) (plsz ~V(p+ w(u))) n=0

where n denotes the unit normal outward to 0€2. With such boundary conditions, the pressure
field is known up to an additive constant.
The initial values of the saturation are given by u(.,0) = wuin;(.).

u
Introducing the global pressure p (see Chavent and Jaffré [1986]) defined by p = p+/ E(U)ﬂ‘/ (v)dv,
o "I

the system (1.1) may be reformulated (see Michel [2003]) as

div(Q) =0,
0 1.2
{ 057 +div(f(1,Q.G) = KVe(w)) = 0, 42
where Q is the total flux defined by
Q=K ((Th(u)ﬂl + nz(U)pz)sz - nT(u)Vp> 7 (1.3)

Uit (u)772 (u) 7T/(’u).

. _m mnz — K(p1 — (u) =
with f(u, Q, G) = T(u)Q+ r (0)G, G =K(p1 — p2)gVz, ¢ (u) (@) + 17 (w)

Throughout this paper, the following hypotheses are taken for granted.

Assumptions 1.1

Al1-1. In the general case we can consider €2 as an open polygonal bounded connected subset
of R% (in practice d = 1,2 or 3) and T as a positive given constant. But to simplify our
study, we assume that 2 is a rectangle for d = 2 or a parallelepiped for d = 3.

Al-2. ¢, K€ L*(Q) with 0 < ¢(z) <1 and 0 < Ciiny < K(z) < Ck sup for a.e. x € Q.

A1-3.  We assume that, for all o € {1,2}, no : R — RT is a Lipschitz continuous function.
We denote by C,, its Lipschitz constant. The function ny is strictly increasing on (0, 1),
m(u) =0 for all u <0 and n1(u) = n1 (1) for allu > 1.

Conversely the function 1y is strictly decreasing on (0,1), na(u) = 12(0) for all w < 0 and
n2(u) =0 for all u > 1.

Moreover we assume that the total mobility nr = 11 + 12 is bounded away from 0, i.e. there
ezists 3 > 0 such that § = inf,cr nr(u). We denote v = sup,,cp nr(u).

A1-4. The capillary pressure is a C*(R,R)-function which is strictly increasing on (0,1).
A1-5. i € L(Q) and 0 < uipi(z) < 1 for a.e. x on Q.

A1-6. For all « € {1,2} the densities p, are constant and py < ps.

Remark 1: Under Assumptions A1-3 and Al-4, ¢ is a C'(R,R)-function which is Lipschitz
continuous and strictly increasing on (0,1). We denote by L, its Lipschitz constant. ]

The existence, the uniqueness and the regularity of weak solutions to such problems have been
studied in Alt and di Benedetto [1985], Antontsev et al. [1990], Chavent and Jaffré [1986], Chen
[2001], Chen and Ewing [1999], Feng [1995], Langlo and Espedal [1992], Gagneux and Madaune-
Tort [1996], Kroener and Luckhaus [1984] under various assumptions.



Here we are concerned with a finite volume approximation for (1.2). Without gravity we find in
Michel [2003] a cell-centered finite volume scheme for (1.2). It consists in a centered finite difference
scheme for the first equation and an upwind weighting scheme for the convection term f(u, Q,0)
coupled with a finite difference scheme for the gradient V(u). This scheme satisfies estimates
in pressure and saturation and converges under the assumption that the parabolic term is not
strongly degenerate.

In this paper we study a new finite volume scheme which relies on the use of a variable Péclet
number to discretize (1.2). This scheme is designed to use the nonlinear diffusion term ¢(u) in
order to take an approximation as centered as possible for the convection term f(u, Q, G), which
reduces numerical diffusion. Slope limiters methods (see Brenier and Jaffré [1991]) can also reduce
numerical diffusion but, in practice, they are limited to a time explicit discretization of the sat-
urations in the fluxes. Here this scheme can be used in a time explicit or implicit form. In the
latter form, the scheme is unconditionally stable and so large time steps can be used during the
simulations. An other advantage of this scheme is the simplicity of its implementation.

In this paper we only detail the implicit case but all results established in the following are satisfied
by the explicit scheme. First we recall classical pressure estimates. Then we prove the L*°-stability
of the saturation calculation (Proposition 2.2) and the existence of discrete solutions (Proposition
2.3) in pressure and saturation. The convergence of the saturation scheme is obtained assuming
that the total throughput is a given C1(€2 x (0,T))-function (Theorem 3.1). The last part is de-
voted to numerical tests (§4) where both forms of the scheme, the implicit and the explicit forms,
are used.

2 A finite volume scheme for the coupled system

We briefly recall the definition of an admissible discretization of Q x (0,T) for the cell-centered
finite volume method. Complete and detailed assumptions can be found in Eymard et al. [2000].

2.1 Admissible discretization of Q x (0,7)

Definition 2.1 (Admissible mesh of Q) An admissible finite volume mesh of Q, denoted by
M, is composed of a triplet (T,E,P).

e T is a set of volumes K whose closure covers Q). We denote by 0K = K \ K the boundary
of a volume K and by m(K) its measure.

o & isthe set of all edges, E;,¢ the set of inner edges, Eq.t the set of boundary edges, Ex the set of
the edges of a volume K. An edge o such that @ = OKNOL is also denoted by K|L. The set of
the neighbouring volumes of a volume K is represented by N(K)={L €T, o =K|L € Ex}.
For all o € £, we denote by ng 1, (resp. n,) the unit normal of o outward to K for o = K|L
(resp. for o € Eext) and by m(o) its measure.

o P refers to a family of points (x k) ker where VK € T, xx € K and where, for all L € N(K),
the straight line going through xx and x, is orthogonal to K|L. For K € T and o € &k,
we denote by di o, the distance between xx and o. If 0 = K|L, we set dg |, the distance

K|L
between xi and xp and T = % the transmissivity through K|L. If 0 € Eey, the
K|L
transmissivity T, through o is given by 7, = y'
K,o

We set size(7T) = sup{diam(K), K € T} and regul(M) = o nax (dljlm(K))
€T, 0elk K,o



In this paper, for the sake of simplicity, we restrict our study to constant time steps. But all results
stated in the following can be adjusted to variable time steps.

Definition 2.2 (Admissible discretization of Q x (0,7)) An admissible discretization D of 2
(0,T) is composed of a pair (M, M) where M is an admissible discretization of Q and M € N*.
We denote & = L and t,, = n&. We denote size(D) = max(size(M), &).

Now let us define some notations. For a variable u we denote by u} ! its approximation over the
volume K and the time interval (nd, (n + 1)&] and by uf the piecewise constant approximation
of the initial condition. We denote by

e X(7) the set of piecewise constant functions over the mesh 7: uy € X(7) is defined, for all
x€Q, by ur(z) =ug ifr € K,

e X (D) the set of piecewise constant functions over the discretization D: up € X (D) is defined
for all n € {0...M} and for all t € (nd,(n + 1)&] by up(.,t) = ' € X(7T) and by
up(.,0) = u% € X(7).

2.2 Definition of the scheme

Let D be an admissible discretization of the domain Q x (0,7') (see Definition 2.2). For all K € 7
the initial condition is approximated by

ufy = ﬁ/}(mm(x} dzx. (2.4)

For alln € {0... M}, we formally integrate the equations of the system (1.2) over a volume K and
over (nd, (n+ 1)d&):

(n+1)8
/ Q(z,t).n(z)d¢(x)dt =
nét 0K

/ Pz )( w(x, tyg1) — ul, ty ))dx+ (2.5)

/<n+1>&/aK( ,Q,G)(:C,t)—/C(x)V(w(u))(x,t)).n(x)dg(x)dt:

where n is the unit normal outward to K. For the first equation of (2.5), taking into account the
boundary conditions and using a time explicit formulation for the saturations and a time implicit
formulation for the pressures, we have

Q(z,t,11)mg,rd((x) =0

Len(k) 7 KIL

with Q(#, t.4) = K(x) <(m<u><x, a)pr + o) (&, ta)p2 ) 9V = 0 (u) (@, £0) V(. )

Discretizing the normal gradients with a centered finite difference scheme and writing the ap-
proximation of the various terms with respect to their discrete unknowns, we obtain the pressure
scheme

> Qiki= (2.6)

LEN(K)



where

?(JrLl = Kk ((nmePl + US,K\LW)Q&K,L - W?,K|L5ﬁrll<J,rL1>v (2.7)

dgip 1 <dK,K|L+dL,KL>
Kk 7 \K(zx) = K(zr) )’
KIL (dK,K|L dr x|L

na(u}l() 77@4(“2)

)

n
Mo, K|L

—
g(SZ’K7L = sz.mKa;L, (5&[{7[, =Uur —Ug-.

Now let us define the saturation scheme.
For the second equation of (2.5), we use a time implicit formulation for the saturations, which
yields

[ o@(utatun) —ulzt))o+a [ L (0@ tn)Qant )+

LEN(K)

%(u)(x, tnt1)K(2)(p1 — p2)gV2z — K(z)V(u)(z, tn+1)) ng pd¢(z) = 0.

Then the use of centered finite difference schemes for the discretizations of the normal gradients
give

+1 n+1
ol (771)" Qi'L + (7]1772> L Kxir(p1 — p2)g9dzx,1—
uptt —

m(K)pr —E——-K 4 Z nr/) kL

LEN(K) ICKlL( —o(u n+1))

=0

1
where ¢ = 7/ ¢(x)dx. We set Gr,p = Kgp(p1 — p2)90%2 k.1, Gr,o = m(o)K(zk)(p1 —
m(K) Jk

p2)gVz.1n,, for o C 9Q. To compute the upwind terms we consider the following function.
Definition 2.3 Let F(a,b,Q,G) defined by

1.ifQ>0and GO0

(0ot fQ+Gnz(a) 20, (9)
F(a,0,Q,G) = n(a) + n2(a) L n2(a) >0, (i
n1(b) <Q + Gna(a) - )
n1(b) + n2(a) otherwise, (ii)
2. ifQ>0and G >0
m(a) (Q - GnQ(a)) | i} ny
F(a,b,Q,G) = ni(a) +n2(a if @ —Gmi(a) 20, (i)

otherwise. (i4)



If Q < 0, we set

F(av ba Q7 G) = _F(bv a, _Qv _G)

Remark 2: Note that F' is a nondecreasing Lipschitz continuous function (resp. a nonincreasing
Lipschitz continuous function) according to its first argument (resp. according to its second argu-
ment). Its Lipschitz constants are bounded by C),(|Q| + |G|) where C;, depends on the mobilities
N, @ € {1,2}. For the proof of these results we refer to Enchéry et al. [2002]. O

Computing the transport term thanks to the function F', we obtain the saturation scheme

un+1 o n+1 n+1 Qn+1 GKL)*
m(K)px —E—=L + ( AN At >=0. 2.8
) L2\ Rt S o) 2

In function F' mobilities are computed according to an upwind choice. This upwind choice intro-
duces numerical diffusion which can smear out the solution. On the other hand we notice that
the capillary pressure also introduces a diffusion which can be used to stabilize the scheme. Thus,
trying to center the transport term over the edges where the gradient of ¢ is sufficient, we im-
prove the precision of the scheme while remaining stable. In practice, the transport term can be
computed as a linear combination between the centered and the upwind fluxes. This combination
is written thanks to a parameter 0 < 9}2&1 < 1 depending on the variable Péclet number on this

edge. So we introduce the following function.

Definition 2.4 Let F(0,a,b,Q,G) defined by

b b
F(0,0,5,Q,6) = (0F(0,0,Q.6) + (1 - O)F(“1=2,2.0,6)) (2.9)
where F(a,b,Q,G) is defined in Definition 2.3.
The saturation scheme is thus given by
un+1 U en—i-l, n+1 n+1,Qn+1,GKL)_
m(K)px—LE—XK + " ( I;ClL oty IEL,LH))’ ) =0 (2.10)
LEN(K) KL\ Pl
where
IC n+1 _ n+1
0cth =max (0,1 - K'L(ﬂl n+)1 ffﬁK ) (2.11)
AK, (K y Uy, )

with AnK—‘:—Ll, (a7 b) = (ia atb Q?(—i_[lﬂ GK,L) - F(CL, ba Q?{T[l,a GK,L)-

2.3 Pressure estimates

In this section, we prove pressure estimates on (ﬁ?{ﬂ)KeT, nefo..my- We first define the discrete
H'-seminorm.

Definition 2.5 Let Q be a domain satisfying A1-1 and M be an admissible mesh in the sense of
Definition 2.1. For u € X (M), its discrete H'-seminorm is defined by

1

|U|1,M=< > TK|L|5UK,L|2)2

K|LEE;nt

where dug,;, = ur — Uk -



The following proposition states that the discrete H'-seminorm and the L2-norm of
(ﬁnK—H)K eT,ne{o...m} remain bounded. These results are obtained by using the same arguments as
in Enchéry et al. [2002].

Proposition 2.1 Under Assumptions 1.1, let D be an admissible discretization of the domain
Q x (0, T) in the sense of Definition 2.2. For all n € {0...M}, let pii' € X(M) where
(Wi P ) ket neo... vy is a solution to (2.4)-(2.6)- (2.7)-(2.9)-(2.10)-(2. 11) Then there exists

a constant C1 depending only on the data and not on D nor on (u "H,ﬁK 1)KeT,ne{0...M}; such
that
P < Ch. (2.12)
Moreover if we assume, for example, that El( )dx = 0, there exists Cy which depends on the
same parameters as Cy such that
—n+1
[y HL2(Q) <G (2.13)

2.4 L* stability

We now prove the L stability of the saturation calculation.

Proposition 2.2 Under Assumptions 1.1, let D be an admissible discretization of Q x (0,T) in
the sense of Definition 2.2 and (u", phtt )KeT nefo...M} be a solution to (2.4)-(2.6)-(2.7)- (2.9)-
(2.10) where, for all K € T and L € N(K), the parameter 9K|L satisfies

’CK|L(90( n+1) QO(UTIL(-H)) 9n+1 <1. (2.14)
AT (Tt K|L ’
K,L ( K >uL )

1—

((2.11) and the upwind weighting scheme satisfy condition (2.14).)
Then we have

Vne{0...M},VK €T, 0<up <lL. (2.15)
Proof:
For all K € T, we rewrite (2.10) as
u?}z{ :u}l;rl Z f;éTLl uerl n+1)+F( n+1 n+1 Q}?LLlaGK,L)
LeN

with

n+1 n+1 n+1 n+1
n + uy, + uy, n
fn+1 1 (1 _aKTg)(F( 9 ) 2 7QKT[1/7GK,L)_

K|IL = “n+l _ _n+l
ur, Uk Fu upt, Qi GK,L)) - Kk (<P(Uz+1) - SD(UTIQH))

Let us prove (2.15) by induction on n. For n = 0, according to A1-5 and to the definition of u%

given by (2.4), (2.15) is satisfied. Let us assume that (2.15) is satisfied up to n. If there is some

K € T such that uj™" < 0 then we have ujt! = minger(uj) <0. So



n n+1 & § n+1 n+1l _  n+l
uKmin < uKmin + (b ( H ) Kmin‘L(uL uK!I]in)—"_
Knin "\ Bmin) o o )

n+1 n+1 n+1
Fluge o ur s Qi 10 GKoin L)-

. n+1 . . . n+1
Moreover the function F(a,., Q%! 1,GK,y, L) is nonincreasing and Jrip 0,80
n & F n+1 n+1 n+1 G 2 16
UK i < K. <uKmin’ UK min? % Kin, L KmimL)' ( : )
DK nin (K min))

LEN(Kmin)

According to A1-3 we have n;(u) = 0 and n2(u) = 12(0) for all v < 0. Thus

F (U5 Wiy Qiin, £ Olnins 1) = 0.
Consequently (2.16) leads to uf,_ < 0, which is in contradiction with the induction hypothesis.
In the same way we prove that for all K € T, unK+1 < 1. ]

2.5 Existence of a discrete solution

We prove here that the coupled system in pressure and saturation admits at least one solution.
This result is established by using a topological degree (see Deimling [1980], Kavian [1993]).

Proposition 2.3 Under Assumptions 1.1, let D be an admissible discretization of the domain
Q x (0,T) in the sense of Definition 2.2. Then, for alln € {0... M}, there exists at least one
solution (W, it ) ke to (2.4)-(2.6)-(2.7)-(2.9)-(2.10)-(2.11).

Proof:

Let n € {0...M}. The existence and uniqueness (up to an additive constant) of (p%t)xe7 can
be proved thanks to the pressure estimate (2.13) and by following the method proposed in Enchéry
et al. [2002]. Consequently it suffices to establish the existence of a solution (u/!)er to (2.4)-
(2.9)-(2.10)-(2.11),

(Q?{TL]:)KlLGSintynG{O-uM} be given. This can be done by using a now classical argument based on
the topological degree (see Enchéry et al. [2002], Eymard et al. [2000]). The uniqueness of the
discrete solution in saturation is obtained thanks to the monotonous properties of the scheme in
L'(Q) (see the proof of Proposition 2.2). |

3 Convergence of the scheme in a simplified case

In this section we prove the convergence of the saturation scheme (2.4)-(2.9)-(2.10) where the total
throughput Q is a given C1(€2 x (0,T))-function. This result also holds for the explicit scheme.
Throughout this proof we assume that the following hypotheses are fulfilled.

Assumptions 3.1

A3-1.  The total throughput Q is a given C1(Q x (0,T))-function and satisfies

V(z,t) € Q x (0,T), div(Q)(x, t)

V(1) € 00 x (0.T), Qo 1) m(z) = 0.

A3-2. The porosity ¢ and the absolute permeability IC are constant and equal to 1.



We set Qumaz = ”QHLOC(QX(O,T)) and, for all n € {0...M} and for all K|L € &, }?”Ll =

1 (n+1)dt 1
g/ / Q(z,t).nk 1 d¢(z)dt. Let 0 < e < 3 In this section, we assume that for all n €
ndt K|L

{0... M} and for all K|L € &y, 0%}1 is given by

1-—2e)r u T — oyt
QZTLI =max | 0,1 — ( ) anluLl((pv(wri n+;p( i) :
AK,L(“K Jup)

(3.17)

The proof lies on the use of the Kolmogorov theorem. Thanks to this theorem we extract a
subsequence of solutions in saturation which strongly converges in L?(Q2 x (0,T)). As the diffusion
term is nonlinear, we can not obtain compactness directly from the sequence (up,, )men but from
the sequence (¢(up,,))men- As the function ¢ is continuous and strictly increasing, the convergence
of a subsequence of (¢(up,,))men implies the convergence of a subsequence of (up,, )men-

The application of the Kolmogorov theorem require some estimates. First the L>-stability of the
saturation calculation ensures that (¢(up,, )) is bounded in L?(2 x (0,T)). But we must also prove
that the time and the space translates of this function uniformly vanish as the translation step
tends toward 0. The last step of the proof consists in proving that the limit we obtain is solution
to a weak problem. So we have the following theorem.

Theorem 3.1 Under Assumptions 1.1 and 3.1, let us consider a sequence (D, )men of admissible
discretizations in the sense of Definition 2.2. We assume that there exists a > 0 such that for all
m € N regul(7,,) < a and such that size(D,,) — 0 as m — +o0o. Let up, = ty € X(Dm) be a
solution of the equations (2.4)-(2.9)-(2.10)-(3.17) for D = D,,. Then there exists a subsequence
of approxzimated solutions which we still denote by (wm)men such that

o (Um)men converges in LI(2x(0,T)) for all 1 < q < oo towards a function v € L>=(2x(0,T))
and such that o(u) € L*(0,T, H*(Q)).

e u is a solution to the weak problem: Yy € Ciest,

T
/ / (wthy + F(u, Q. G). Vo — Vip(u).Ve) dedt + / Uit (,0)dz =0 (3.18)
0 Q Q
where Cyest = {10 € HY(Q x (0,T)) / ¥(.,T) = 0}.

3.1 Space translates

To obtain an upper bound on the time and space translates of the function ¢(up), we must first
show that the discrete L?(0, T, H'(2)) semi-norm is bounded and that this bound does not depend
on the discretization. We give below the definition of this norm.

3.1.1 Discrete L?(0,T, H'(Q2))-seminorm for the function ¢(up)

Definition 3.1 Let Qx(0,T) be a domain satisfying A1-1 and D be an admissible discretization of
this domain in the sense of Definition 2.2. The L*(0,T, H'(Q))-seminorm of a function up € X (D)
1s defined by

M
‘U’DE,D = Z& Z Tr|L(uf — uf)?.

n=0 K|LEE;nt

For the function ¢(up) we have the following estimate.



Proposition 3.1 Under Assumptions 1.1 and 3.1, let D be an admissible discretization of the
domain Q x (0,T) in the sense of Definition 2.2. Let up € X (D) be given by (2.4)-(2.9)- (2.10)-
(8.17). The discrete L*(0, T, H*(Q))-seminorm of p(up) is bounded by a constant C3 depending
only on Uini, Cy, Ly, p1, p2, g, €, Q, T such that

lp(up)[ip < Cs. (3.19)

Proof:

Multiplying the equation (2.10) by (‘)‘tu’}jl and summing over all control volumes K € 7 and over
alln € {0... M}, we end up with E; + E2 + E3 = 0 where

M
By o= 303 m)(uit! — u)ui?
n=0KecT
M
1 1 1 N
= 5 2 mE) g™ =5 > mE) () + 5 D0 > mE) (i — u)?
1K€T 1K6T n=0 KeT
2
> 5 > mE) (g ) = 5 il
KeT n+1 n+1 n+1 n+1
M 9K|LF( QKLvGKL) )
By =) &>, >, B e S up,
n=0 Kec7 LeEN(K) ( QK\L)F( 92 ) 2 aQK7L7GK,L)

p"qg

By S mrn(euitt) — plupth)ugt!

KeT LEN(K)

3
I
o

(ui) = (g ™) (ug™ —uf ™).

i
i

3
I

Lower bound on Es:

First we notice that the assumption A3-1 and the relation div(E')) = 0 imply that

Vue 0,1, VK €T, > Fuu,Qi},Ger)+ >, Fuu,0,Gke)=0  (3.20)
LEN(K) 0€€eat N EKR

where Gg o = T-(p1 — p2)9(26 — 2K ), %o 1s the depth of the intersection of the line passing through
z and orthogonal to o. For u = u/" we multiply (3.20) by u. Substracting this relation to Fs

and gathering with respect to the inner sides we get

Z (9?(-}-[11( n+l n+1)An+1( ’;L(+1’UT£+1)+

n=0 K|LEEint
n+1 n+1 n+1 n+1
+ uyg +up +1 +1 +1 +1
(F( ; 5 Qi Gron) — Fuk uy, ’QKL,GKL)> K~
n+1 n+1 n+1 n+1
+ug +uy +1 Lt Qb +1
(Pt M M Qp Gren) — Flup ™ upt, Q) Gren) Jupt | -
S x rutatocet) |
KeT Uegemtmgk

10



Now let us consider @?{)L(.) a primitive of the function (.)F’(., ., Q?gj, Grk,1). Integrating by part,
we have

M
B, = &[ > (e’g*é(u’z“ — i NG (i up )+ R () - Rt () +
0 K|LEE;n:

n=
nt1
Ur,

/n+1
Uk

Z ( Z F(uT}{H,u%Jrl,O,GK}U)uT}{H)].

KeT UegeztﬂgK

un+1 +un+1 un+1 +un+1
(F(575>Q7;L<—3_L1,GK,L)F( K 9 L 5 K 2 L 7@?{TL{;GK,L)>d3 -

Then we use the following lemma to get a lower bound on the right hand side. Its proof is given
in Eymard et al. [2000] pp. 105.

Lemma 3.1 Let g : R x R — R a Lipschitz continuous function which is nondecreasing with
respect to its first argument and nonincreasing with respect to its second argument. We denote
respectively by Gy, and Go its Lipschitz constants with respect to its first and second arguments.
Then for all a, b belonging to R we have

/ " (ot5,5) — gla.t)) ds > s e (D) = a(ah)? + (o(a0) — (@ 1)?).

Substituting the function ¢(.,.) by F(.,., "K+L1, Gk,1), we obtain

M
B> &[ 5 ((9;;*5 D — AT, )
0 K|LEE;n:

(i) — @3 i) +

n=

1
4C n+1 G X
W(1Q% Ll + Gk Ll)

2
n+1 n+1 n+1 n+1 n+1 n+1
((F(“K YU K,L’GK,L) — Fuf" uf™, K,LaGKL)) +

2
n+1 n+1 n+1 n+1 n+1 n+1
(F(“L U K,LaGK,L) — F(ug™, uf >QK}LaGK,L)) ))—
n+1 n+1
E < E F(UK y U 707GK70)U71L()‘|'
KeT \o0€Ecyt ﬂSK

But, using again (3.20), we notice that, for all n € {0... M} and for all K € 7,

n n+1ly n+1 n+1 n+1 n+1
Z Py () = Z (UK Fuf™ uy, K,L’GKJI)_

LEN(K) LEN(K)
n+1
U
/ F(svs’er?,Ll%’GK’L) ds) - Z <U%+1F(U?(+17u?(+la0»GK,U)_
0 0€Eezt N EK
u?‘:rl
/ F(s,5,0,Gk o) ds).
0
Therefore
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> (“’ZTE — D(up™ = af A (i ) +

1 2
1C, (1Qi] +1Gk.]) ((F (i i QR ) = P ™ QR Gren) ) +
UNES ,

2
n+1 n+1 n+1 n+1 n+1 n+1
(F(UL YU YK Lo Gr,) — Fug  up™, K,L?GK,L)) )) -

Z ( Z /OUK F(s,s,O,GKVU)>].

KeT oc€Eest nf;}(

Moreover we notice that

sign (A7 (wic™ upt) ) = sign (o (ui) - p(up™)) (3.21)
and that (3.17) yields
(1= 05 AR i gt < (1= opmapapleid ) — plui ™). (3.22)

So, collecting the previous lower and upper bounds, using (3.21), (3.22), and noticeing that ¢ is
Lipschitz continuous we end up with

M
EZ&

n=0

1
z : n+1 X
46, (IQ% L + |Gk Ll)

K|LEE;nt
2
n+1l | ntl n+1 n+1 | n+l n+1
((F(UK YU K7L’GK,L)—F(UK yUur, K,LyGK,L)) +

2
(F(ug+17uf£+1’ r}z{le,GK,L)—F(u?(ﬂ’qu’ g(fg,GK,L)) >+
n+1

TKIL n " 2 U g
T‘(ga(ujl)—go(u;l)) ) -y ( 3 / F(s,s,o,GK,a)dsﬂ

@ KeT aegemtmgk 0

1
< §|\Uini|\%2(9)~

Thus

M u?}vu(+1
Say Y [7 Fes0Gkis
0

1
< §\|uini\|i2(m-
n=0 K€7 o0€€c.t(EK

9
(o) p -
%)

The term with the integral in the left hand side can be bounded in the following way

n+1

M ul
Z& Z Z / F(s,s,0,Gk o)ds
0

n=0 KeT o€t (€K

<2TCy(p2 — p1)gm(09).

So it leads to

€ 1
Zlp(u) o < 5llunill3x(0) + 2TCylpz = pr)gm(90),
©

= Le

which gives the result taking C3 = = (é ||uini||iQ(Q) +2TCy(p2 — pﬂgm(@ﬂ)). [ |
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3.1.2 Upper bound of the space translates of the function ¢(up)

We conclude this section dedicated to the space translates with the following proposition proved
in Eymard et al. [2000] pp. 74-75.

Proposition 3.2 Under Assumptions 1.1 and 3.1, let D be an admissible discretization of the
domain Q x (0,T") in the sense of Definition 2.2. Let up € X (D) be given by (2.4)-(2.9)-(2.10)-
(3.17). Let £ € RY and Q¢ be a subset of Q defined by Qe = {x € Q / [x,2+ & C Q}. Then there
exists a constant Cy depending only on the number of edges of Q@ such that the function ¢(up)
satisfies

T
| tetunta+ &) — elun(e. o dode < 1 (J6 + Casize(T)) lelip. (329
0 ¢
Moreover if we set up = 0 for all (z,t) & Q x (0,T) then, for all ¢ € RY, we have

le(un (- + &) = 9(u(es DlfFzqgass) < Cs [¢] (Ig] + size(M) + 1) (3:24)

where Cs depends on the constants Cs, Cy, T, L, and on the domain §1.

3.2 Time translates

We now prove that the time translates of the function ¢(up) remain bounded.

Proposition 3.3 Under Assumptions 1.1 and 3.1 let D be an admissible discretization in the sense
of Definition 2.2. Let up € X (D) be the solution of equations (2.4)-(2.9)-(2.10)-(3.17). Outside
the domain Q x (0,T), we set up = 0. Then, for all T € R, the following inequality holds

lo(up (@, t +7) = p(up(z,t)|[72gay < Cs 7] (3.25)
where Cg depends on Ly, Cp, C3, d, Q, T, Qmax, pa, @ € {1,2} and g.

Proof:
We obtain the result by using the estimate (3.19) and by following the method presented in Eymard
et al. [2000] pp. 106-108. |

3.3 Proof of the convergence Theorem 3.1

Convergence of a subsequence of (Um)men:

We set i, = u,, on Q x (0,7T) and we extend this function to 0 on R4\ (Q x (0,T)). Since the
function ¢ is continuous and since @, € [0,1] on R¥*! for all m € {0... M}, the sequence (i)
is bounded in LI(R4*1) for all 1 < ¢ < 4o0. From inequalities (3.24) and (3.25), we deduce that,
for all £ € R? and 7 € R, there exists a constant C(£,7) — 0 as € — 0 and 7 — 0 such that

(@ (x + &t + 7)) = @(@m (@, )70 (garny < C(E,7)

for all 1 < g < oo. Under these conditions, we can apply the Kolmogorov theorem (see Eymard
et al. [2000]) and deduce that the sequence (p(un,))men is relatively compact in L7(Q x (0,7)).
So there exists a subsequence, still denoted by (¢(tm,))men which converges in LI(Q2 x (0,7)). As
¢ is a strictly increasing C'-function, we also deduce the convergence of the sequence (u,,) toward

13



a function u € L1(Q x (0,7)) N L*(2 x (0,7)).

o(u) € L*(0, T, H(Q)): see Eymard et al. [2000] pp. 91.

Convergence of uy, toward a weak solution of (3.18):

Let us consider the set Ciesy = {0 € C%(Q x [0,T]) / (., T) = 0} which is dense in Cjeq.

Let 9 € Ciesr and (um)men be the sequence of solutions to (2.4)-(2.9)-(2.10)- (3.17).

For all

n € {0...M} and K € 7, we multiply (2.10) by ¥ = ¢¥(zg,n&) and we sum these equalities

over all the volumes:

Z > mUI) (g —uf )i+

n=0 KeT

&y (f o;qg, Wi QR Gier) = (e (i) = (i) ) vk =

LEN(K)
El,m. + E2,m + EB,m =0

where

M
Eim = Z Z m(K) (uitt — )i,

n= OKGT

Z&Z Z ( H?(TLI’ nﬂ’ 7LL+1’QKL17GKL)>¢K7

n= 0 KeT LeN(K)
P S SIS mrcpn (p(uf ) = o)) vk
n=0 KeT LEN(K)
Convergence of Ey ,: Following Eymard et al. [2000] pp. 110, we get
T
lim FEy,, / / w(z, t)e(x, t) dedt — / Uini (2)Y(2, 0) dx.
m—+oo 0 Jo Q
Convergence of Fs y,:

T
Let F2,7n = / / f(u'rru Qv G)V’(ﬂd.’l)dt

0 JO
According to A3-1 we have

div(Q) =0 on Q x (0,7),
Qn=0o0n00x(0,T),
div(G) = 0.

Using these properties, the term F5 ,, can be rewritten under the form

Py = Z&(Z( > m(KIL Qg (08 )+

KeT LeEN(K)

> 0. 06, ))

ocefk ngezt

where

14
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- n 1 (n+1)é
(), = e /n ) /U vu(e, £).n, de(z)dt

Now let us consider the terme Fz‘,g’m given by

n Qn—i-l GK7L .
Z&<Z (X mKIDAG o iy YR

KeT  LeN(K)

S om0 S ) )

0€EK N Eeut

(n+1)é8
wte g [ [ v

In a first time, we prove that the difference |F5 ,, — F27m| vanishes as m — +oo.
Gathering the terms according to the inner sides, the difference dF5 ,, between F5,, and F3 ,, is
such that dFs ., = dFs m int + dF2 m ext With

with

M
dFy m int = Z&< Z m(K|L)x

n=0 K|LEE;nt L
Q"+ -, ntl g ~, n+l
(f(u}?_l (K|L) wTIL(Tg - (wQ)K,L’ (f[aLL) wTIL(Tg - (wG)K,L)_

— nt+tl G =, ntl
f(uT[L,Jrl (K‘L)w?(TLl - (’(/}Q)K,L7 (II;‘IZ)I/)?(TLl - (wG)K,L)>>’

M
dFQ,m,ext = Z o Z < Z m(O’)X

n=0 K7 \o€fk N Eeut

(0. e - (ﬁ)zﬂ)))'

We then have

M
|[dF5 m int] < Z&( Z (K‘L)|un+1 n+1‘><

n=0 K|LEE;n+

n+1 =, n+l G ~, n+l
20, VL = WQ) s |+ |t = WG | ) -
(KIL) m(K|L)

N
As functions ¥ and @) are smooth, there is a constant C7 such that

|dF2mm|<C'7Z&Z > m(K|L)diam(K)uptt —upt.

n=0 KeT LEN(K)

We then use the following Lemma.
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Lemma 3.2 Under Assumptions 1.1 and 3.1, let (Dyn)men be a sequence of admissible discretiza-
tions of the domain 2 x (0,T) in the sense of Definition 2.2 such that size(Dy) — 0 as m — +00
and such that there exists o > 0 satisfying regul(M,,) < da. Let u,, € X(Dy,) be given by
equations (2.4)-(2.9)-(2.10)- (3.17). So we have

Z& Z Z m(K|L)diam(K)[u} ™ — ult — 0 as m — 4oo. (3.27)
n=0 Ke7T LeEN(K)
Proof:
This lemma may be easily deduced from the convergence of u,, € X (D,,) toward u in L'(2x (0,T))
and from the density of the space C°°(2 x (0,7T)) in L'(Q x (0,7T)). [ ]

This result ensures that |dFs mins| — 0 as m — +o0o. For the term dFj p ext we have thanks to
the regularity of ¥ and Q and thanks to the L°°-stability of the scheme
|dF2,m,ext| S Cg SiZG(M).

Consequently |Fs ,,, — Fg’m| — 0 as m — +oo. On the other hand, as Q and G are bounded in
L>=(Qx (0,7)), f(.,Q, G) is Lipschitz continuous. Moreover, as u,, — u in L'(Q x (0, T)) we have

T
Fy py — / / fu, Q, G).Vidxdt as m — +oo.
o Jao

Using again the relations (3.26), we rewrite Fy,, as

P =2 6( X (g0 0 Gra it i

KeT LEN(K

Z P0G g = ) ).

0€EK N Eeat
But we notice that
> Y Pl upt Qi Gru)uill = 0.
KeT LeN(K)

So Es ,,, can be put under the form

SEY Y (Pl g™ Q3 G ) (5 — 03 ).

n=0 KeT LEN(K)

We then have

M
By + Fo| <3 (Z S Co(QU + G it — wi |k — v+

n=0 KeT LeEN(K)

S % R0 Gra) 5 - vk,

KET O'EEK ﬂ gea:t

So there is a constant C'y, such that
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M
| B + Fom| <> ( DD e (Qmam + (p2 — p1>g)m<K|L)|uz“ —ui |
KeT LEN(K)

Cydiam(K) + Z Z 2C,(p2 — pﬁgm(a)C@diam(K)).

KeT o€k NEeat

n=0

Moreover

M
Z a Z Z Cy(p2 — p1)gm(o)Cydiam(K) < T'm(9Q)C,(p2 — p1)gCysize(M).
n=0 Ke7T o€k N Eecut

Thus finally we have

T
lim Ey,, = —/ /Qf(u,Q,G).wdxdt.
0

m—0o0

Convergence of E3 n,: By applying the method presented in Eymard and Gallouét [2003] we get

T
lim Es,, :/0 /QVgo(u)(:mt).Vd)(x,t) dxdt.

m—00

4 Numerical tests

4.1 Numerical data

In this section we detail the numerical data used in the two following tests. The tests have been
achieved thanks to a prototype designed for sedimentary basin simulations. Consequently the
dimensions of the domain are given in meter and the time is counted in millions of years.

Gravity: g = 9.81m.s~?2

Properties of the fluids:

Type of data Oil Water
Lo 5.1072 Pa.s 1072 Pa.s
Pa 800 kg.m ™3 1100 kg.m=3
0 ifu<o, 1 ifu<0
krq(u) u if0<u<l, 1—u if0<u<l
1 otherwise. 0 otherwise.
kry(u) kro(u)
N
M1 M2
m(u) VOo<u<1, 0.3u

Properties of the rock:
e »=0.1
e K=50uD (1 uD = 0.98.10"1° m?)
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4.2 Test 1

For a 1-D case, we compare the evolution of the saturation over the time for different schemes.
Among these schemes, we have both implicit and explicit variable Péclet number schemes, their
upwind equivalents where for all K|L € &;,,; 0% If =1 and a MUSCL scheme.

Let © = (0,3000) and D = (2600, 3000). The initial condition w;,; is given by

i () = 1.0 ifxeD

MRSl 0.0 otherwise.
Since the boundary is impermeable, the total throughput is equal to 0 on 2 x (0,7). The domain
is meshed by a cartesian regular grid, M. We denote by h = Az the space step and N = card(7).
The MUSCL scheme we use to discretize (1.2) is defined, in the general case and for alli € {1... N},

by

n+1 n n+1 n+1 n+1 n+1
utt — o(u) — o(uy ™) (ui™) = p(ui™))
Azp—i—— T 4 pntl _ pntl i+ A : :
W thy RS e Az * Az

=0

where

et (Qn+11 +G~Z}+Zi )
2 forallie {1...N —1},

0 H—l
Fn+1 = ~n+1 ~n+1
Z+2 no 'Hrl +17w z+—
0 fori=0o0ri=N,
e G=K(p1 — p2)g and Q?_ﬁ is given by (2.6)-(2.7),
2
o if ij} <0
~n+1 _  ~n+l,+
™ Jit+: T 1i+3 7
~n+1,— n+1 ~n+1
= 772,131% Q7)1 — G, . 20,
2,i+3 T sntl+
3 2.i+1 otherw1so7
if Q”“ >0
“nt+l  _ =ntl,—
Mttt = Thapio
~n+1,— n+1 ~n+1
ﬁn+1 _ { 771%;% lfQ 1 +G 2+1 Zoa
1,i4+41 = ~n+1,+
3 Lit+] othervvlse

o for all o € {1,2}

—n+1,+
7727L+1 = na(ujyy) — d(zi+%7zi+l)577g,i+1a

- +17_
T]Z,H»% = T]Cv( U; ) + d(zlv Zi-&-%)&qg,ia

a1 Ma(uiy) —na(ui)] |16 (ui) — na(uil )|
sign min n. )
L] st min (o, |, S, S S
a if these three values have the same sign,
0 otherwise,
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o |7704(’u’?+1) — Na(uf_y)|
wr d(zi—1, zit1)

For h = 50m, Figure 1 shows the rise of oil under gravity along the column € at ¢ = 0.5. On
this figure, we put the saturations computed by the explicit variable Péclet number scheme, the
implicit variable Péclet number scheme, the explicit upwind scheme (i.e. O = 1, VK|L € Einy),
the implicit upwind scheme and the explicit upwind scheme with slope limiters which we have
previously detailed. With this first test, we notice that the precision reached by the variable Péclet
number scheme is close to the precision of the MUSCL scheme. The implicit form of this scheme
seems to be more diffusive but its solution remains better than the upwind schemes and it needs
not so many time steps to compute the solution as all other explicit schemes.

1 T T T T T
Theta
Im_plicitThela
Upwind
Implicit Upwind
5 Slope Limiter
K
@ _ |
>S5
5
0 T T T T T
25 1000 2000 2975
Depth
Figure 1: Saturations computed with different schemes at ¢t = 0.5.
4.3 Test 2

In this test we determine the numerical convergence rate of the explicit variable Péclet number
scheme. We use the same data as the previous test apart from the domain which is smaller and
defined by © = (—500,0) and D = (—500,—100). To evaluate the convergence speed, we have
computed a reference solution at ¢ = 0.1 for a space step equal to h = 0.5m. Figure 2 shows the
error we obtain for different space steps. The convergence rate is here equal to 1.1342. This result
confirms again the better precision of the scheme in comparison with the upwind schemes whose
convergence rate does not exceed 1.0.
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Error saturation

100 . .
zxpezmem
10+ ]
o ]
o
i,
1 Linear regression 4
0.1 . . .
1 10 100
dz
Figure 2: Numerical convergence in saturation
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