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1. Capillary trapping

Space discontinuity of the capillary forces
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Darcy’s equations
φ
∂s

∂t
− div

(
ηo(., s)(

−→
∇po − ρo−→g )

)
= 0

−φ∂s
∂t
− div

(
ηw(., s)(

−→
∇pw − ρw−→g )

)
= 0

po − pw = π(., s)

Physical conditions on the interface

• Conservation of the mass

ηβ,1(s1,Γ)
(

(
−→
∇p)β,1,Γ − ρβ−→g

)
.−→n 1,Γ =

−ηβ,2(s2,Γ)
(

(
−→
∇p)β,2,Γ − ρβ−→g

)
.−→n 2,Γ

• The extended pressure condition (1st form)

ηβ,1(s1,Γ)(pβ,1,Γ − pβ,2,Γ)+ − ηβ,2(s2,Γ)(pβ,2,Γ − pβ,1,Γ)+ = 0
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• The extended pressure condition (2nd form)

2
(0)π

π (1)
1

s 1
* s 2

*

π (0)
1

π
2
(1)

^

π
1
(s)

0 1

π
2
(s)

^

^
=

^

^ ^

=

ηβ,1(s1,Γ)(pβ,1,Γ − pβ,2,Γ)+ − ηβ,2(s2,Γ)(pβ,2,Γ − pβ,1,Γ)+ = 0

m
π̂1(s1,Γ) = π̂2(s2,Γ)
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2. The mathematical model

The continuous problem

• A porous medium Ω = Ω1
⋃

Ω2 ⊂ IRd

• A two-phase immiscible and incompressible flow only submitted to
capillary effects

• For all i ∈ {1, 2} on each domain Ωi, we have

φ(x, s) = φi(s), ηβ(x, s) = ηβ,i(s), π(x, s) = πi(s).

• The boundary ∂Ω is impermeable.
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• For all i ∈ {1, 2},

φi
∂s

∂t
−∆ϕi(s) = 0 on Ωi × (0, T )

with ϕ
′

i(s) =
ηo,iηw,i
ηo,i + ηw,i

(s)π
′

i(s).

• On the interface, Γ = ∂Ω1
⋂
∂Ω2, we impose

– the continuity of the flux :

−→
∇ϕ1(s1,Γ).−→n 1,2 = −

−→
∇ϕ2(s2,Γ).−→n 2,1,

– the extended pressure condition :

π̂1(s1,Γ) = π̂2(s2,Γ).
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The weak problem

1. For all i ∈ {1, 2}, s = si on Ωi×(0, T ) with si ∈ L∞(Ωi×(0, T )),
0 ≤ si ≤ 1, ϕi(si) ∈ L2((0, T ), H1(Ωi)),

2.

∫ T

0

∫
Ω1

s1ψt −
−→
∇ϕ1(s1).

−→
∇ψ dxdt+∫ T

0

∫
Ω2

s2ψt −
−→
∇ϕ2(s2).

−→
∇ψ dxdt +

∫
Ω
siniψ(., 0)dx = 0,

Ctest = {ψ ∈ H1(Ω× (0, T )) / ψ(., T ) = 0}.
3. The function w = Ψ(π̂i(si)) on Ωi × (0, T ) with

Ψ :


[π2(0), π1(1)]→ IR

p 7→
∫ p

π2(0)
min(λ1(π

(−1)
1 (a)), λ2(π

(−1)
2 (a)))da

belongs to L2((0, T ), H1(Ω)).
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3. A FV scheme

Principle

s
K

s
K, σ

s
L, σ

s
K

s
K, σ

s
L, σ

s
K, σ

s
L, σ

s
K

s
K, σ

K

s
L

s
L, σ

s
L

L

s
L

σ

_ the flux conservation
_ the extended pressure condition

F(    ,       ) F(    ,       )

Elimination of         and          thanks to
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Definition

For all n ∈ {0, . . . ,M}, (sn+1
K )K∈T satisfies for all K ∈ Ti, i ∈ {1, 2},

m(K)
sn+1
K − snK
δt

+
∑

L∈N(K),L∈Ti

τK|L
(
ϕi(s

n+1
K )− ϕi(sn+1

L )
)

+

∑
σ∈Eint,1,2

⋂
EK

m(σ)

dK,σ

(
ϕi(s

n+1
K )− ϕi(sn+1

K,σ )
)

= 0

where, for all K|L ∈ Eint,1,2, K ∈ T1 and L ∈ T2, sn+1
K,K|L and sn+1

L,K|L
are solutions to

ϕ1(s
n+1
K )− ϕ1(s

n+1
K,K|L)

dK,K|L
=
ϕ2(s

n+1
L,K|L)− ϕ2(s

n+1
L )

dL,K|L
,

π̂1(s
n+1
K,K|L) = π̂2(s

n+1
L,K|L).
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Properties of the scheme

• The scheme admits a unique solution.

• For all n ∈ {0, . . . ,M}, sn+1
M satisfies

∀K ∈ T , 0 ≤ sn+1
K ≤ 1.

• Up to a subsequence, (sDm)m∈IN is such that

sDm
m→+∞−→ s1 in Lq(Ω1 × (0, T )),

sDm
m→+∞−→ s2 in Lq(Ω2 × (0, T ))

where 1 ≤ q <∞ and for all i ∈ {1, 2}, si ∈ L∞(Ωi×(0, T )) and
ϕi(si) ∈ L2((0, T ), H1(Ωi)). The functions si, i ∈ {1, 2}, satisfy
the weak problem.
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4. Numerical tests

Test1

• Ω1 =]0, 1[, Ω2 =]1, 2[, φ1 = φ2 = 1

• ηo(s) = s, ηw(s) = 1− s, π1(s) = 5s2, π2(s) = 5s2 + 1

• sini(x) =

{
0.9 if x < 0.9
0 otherwise

• δt = 1
6.10−3, δx = 10−2
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Test2

• Ω1 =]0, 1[, Ω2 =]1, 2[, φ1 = φ2 = 1

• ηo(s) = s, ηw(s) = 1− s, π1(s) = 5s2, π2(s) = 5s2 + 1

• sini(x) =

{
0.9 if x > 1.2
0 otherwise

• δt = 1
6.10−3, δx = 10−2
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5. Concluding Remarks

• A better understanding of the capillary trapping

• Conditions to improve the accuracy of the numerical schemes

• These results can be extended to a model taking the gravity and
a total throughput into account.

• It remains to prove the uniqueness of a solution satisfying the weak
problem...
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